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WEYL SUBSTRUCTURES AND COMPATIBLE LINEAR
CONNECTIONS
OANA CONSTANTINESCU AND MIRCEA CRASMAREANU
Abstrat. The aim of this paper is to study from the point of view
of linear onnetions the data (M,D, g,W ) , with M a smooth (n+ p)
dimensional real manifold, (D, g) a n dimensional semi-Riemannian dis-
tribution on M, G the onformal struture generated by g andW a Weyl
substruture: a map W : G → Ω1 (M) suh that W (g) = W (g) − du,
g = eug;u ∈ C∞ (M) . Compatible linear onnetions are introdued as
a natural extension of similar notions from Riemannian geometry and
suh a onnetion is unique if a symmetry ondition is imposed. In the
foliated ase the loal expression of this unique onnetion is obtained.
The notion of Vraneanu onnetion is introdued for a pair (Weyl stru-
ture, distribution) and it is omputed for the tangent bundle of Finsler
spaes, partiularly Riemannian, hoosing as distribution the vertial
bundle of tangent bundle projetion and as 1-form the Cartan form.
Introdution
After Einstein's approah to gravitation [10℄, several others theories have
been developed as part of the eorts to ure problems arising when the gravi-
tational eld is oupled to matter elds. Thus, as soon as Einstein presented
the General Relativity, Weyl [24℄-[25℄ proposed a new geometry in whih a
new salar eld aompanies the metri eld and hanges the sale of length
measurements. The aim was to unify gravitation and eletromagnetism, but
this theory was briey refuted by Einstein beause the non-metriity had
diret onsequenes over the spetral lines of elements whih has never been
observed.
Let G be a onformal struture on the smooth manifold Mn i.e. an equi-
valene lass of Riemannian metris: g ∼ g if there exists a smooth funtion
f ∈ C∞ (M) suh that g = efg. Denoting by Ω1(M) the C∞ (M)-module
of 1-forms on M , a (Riemannian) Weyl struture is a map W : G → Ω1 (M)
suh that W (g) = W (g) − df . In [11℄ and [18℄ it is proved that for a Weyl
manifold (M,G,W ) there exists a unique torsion-free linear onnetion ∇ on
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M suh that for every g ∈ G [23℄:
(0.1) ∇g +W (g)⊗ g = 0
alled Weyl onnetion. The parallel transport indued by ∇ preserves the
given onformal lass G. Also, the above theory an be expressed in terms
of G-strutures with G the onformal group CO(n) = O(n)× R+.
The literature on Weyl strutures is huge and the inreasing interest in
it is motivated in the last years by a new relationship with physis and
gauge theory through the notion of Weyl-Einstein manifold, [12℄. Also, some
interesting extensions of Weyl strutures inspired by generalizations of Rie-
mannian metris have appeared: for Finsler metris in [1℄, [13℄ and [14℄ while
for generalized Lagrange metris in [8℄. The innite-dimensional ase was
treated in [3℄.
In this paper we propose another extension of Weyl strutures and ompa-
tible onnetions (0.1) namely in the semi-Riemannian distributions frame-
work. So, the rst setion is devoted to the proposed generalization and
exatly as in the semi-Riemannian geometry the uniqueness of the ompa-
tible onnetion is obtained provided a symmetry ondition holds. Also, the
ompatibility ondition is rewritten in terms of quasi-onnetions. The se-
ond setion deals with the foliated ase through the loal expression in an
adapted frame and a new haraterization of bundle-like metris is obtained
in terms of Weyl strutures.
For Weyl strutures on a manifold endowed with a distribution we in-
trodue the notion of Vraneanu onnetion following a similar tool from
the geometry of a pair (Riemannian manifold, distribution). This way, we
obtain a generalization for some notions, results and relations of [4℄. The
global expression of this onnetion appears in the rst setion, while the
loal oeients are given again for the foliated manifolds in the seond part
of the paper. Let us point out that we treat this onnetion onsidering
global Weyl strutures as examples of our theory.
We devote the third setion to the Vraneanu linear onnetion for the
tangent bundle of Finsler, partiularly Riemannian spaes when we all it
Vraneanu-Cartan, hoosing as distribution the vertial bundle of tangent
bundle projetion and as 1-form the Cartan form. The motivation for this
name onsists in the fat that Vraneanu in 1926 ([21℄) and Cartan in 1928
([7℄) are the rsts who proposed a geometrization of non-holonomi mehan-
is (in the same year, the papers [17, 20, 22℄ are devoted to the subjet)
bur reently new linear onnetions are proposed for this framework in [5℄
and [9℄. As nal problems, the atness of the Vraneanu-Cartan onnetion
and the ovariant derivative of the Liouville vetor elds with respet to the
Vraneanu onnetion are disussed.
At the end of these remarks let us point out that our work an also be
onsidered as proposing a generalization of the sub-Riemannian geometry,
[16℄. So, we adress a new theory, namely sub-Weyl theory, to whih it seems
to belongs also the paper [26℄.
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1. Weyl substrutures and ompatible onnetions
For a real manifold M we use the following notations:
• C∞(M) is the ring of smooth real funtions,
• χ(M) is the C∞(M) - module of vetor elds on M.
Let M be a smooth (n+ p)-dimensional real manifold and D an n-dimen-
sional distribution onM . Suppose g is a semi-Riemannian metri on D, that
is, in the words of [4, p. 23℄, (D, g) is a semi-Riemannian distribution on M .
Let G = {g = eug;u ∈ C∞ (M)} be the onformal struture generated by g.
Denition 1.1. A Weyl substruture is a map W : G → Ω1 (M) suh that:
(1.1) W (g) =W (g)− du.
The data (M,D, g,W ) will be alled a sub-Weyl manifold.
Let us point out that a straightforward omputation gives:
W (evg) =W (g)− dv.
It follows that if for some g ∈ G the 1-form W (g) is losed (or exat) then
for every g ∈ G the 1-form W (g) is losed (or exat).
We want a linear onnetion on D whose properties are similar of those
of Weyl onnetion on a Riemannian manifold. To this end we onsider a
omplementary distribution D′ to D in TM :
(1.2) TM = D ⊕D′.
Sine M is supposed to be paraompat there exists suh a distribution. Let
Q and Q′ be the orresponding projetors of this deomposition. Reall that
a linear onnetion ∇ on D is said to be D′-torsion free if its D′-torsion eld
vanishes i.e. [4, p. 23℄:
(1.3) ∇XQY = ∇QYQX +Q [X,QY ] , ∀X,Y ∈ X (M) .
Denition 1.2. ∇ is ompatible to the Weyl substruture if:
(1.4) ∇QXg +W (g) (QX) · g = 0, ∀X ∈ X (M) .
Again it results that this relation has a geometrial meaning sine:
∇Xg +W (g) (X) g = e
u(∇Xg +W (g) (X) g), ∀X ∈ X (M) .
The aim of this setion is to obtain a generalization of the results from
Introdution:
Theorem 1.3. Given a sub-Weyl manifold with a omplementary distribu-
tion D′ there exists an unique ompatible linear onnetion ∇ on D suh that
∇ is D′-torsion free.
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Proof. Let us onsider ∇ given by:
2g (∇QXQY,QZ) = QX (g (QY,QZ)) +QY (g (QZ,QX))
−QZ (g (QX,QY )) + g (Q [QX,QY ] , QZ)
−g (Q [QY,QZ] , QX) + g (Q [QZ,QX] , QY )
+W (g) (QX) g (QY,QZ) +W (g) (QY ) g (QZ,QX)
−W (g) (QZ) g (QX,QY )(1.5)
respetively:
(1.6) ∇Q′XQY = Q
[
Q′X,QY
]
.
It is easy to verify that ∇ is the unique linear onnetion on D that satises
the onlusion. 
For the partiular ase p = 0 the result of [11℄ and [18℄ from the Introdu-
tion is reovered.
Example 1.4. Let (M,g,W ) be a Weyl manifold [11℄ i.e. g is a global
semi-Riemannian metri on M and W is a map with the property (0.1). It
results the Weyl onnetion ∇˜ given by (1.5) without Q, whih is a symmet-
ri, ompatible linear onnetion. Supposing that the given distribution D
is semi-Riemannian with respet to g|D then it has an orthogonal omple-
mentary distribution D⊥ with the orresponding projetor Q⊥. Therefore
we get two Weyl substrutures (g|D,W ) and (g|D⊥ ,W ) with orresponding
Weyl onnetions ∇ and ∇⊥. Using the terminology of [4, p. 96℄ let all ∇
the intrinsi Weyl onnetion of D and ∇⊥ the transversal Weyl onnetion
of D. Using the formula (2.4) from [4, p. 7℄ it result a linear onnetion ∇∗
on M :
(1.7) ∇∗XY = ∇XQY +∇
⊥
XQ
⊥Y,
for X, Y ∈ χ(M). This linear onnetion is adapted to D and D⊥, i.e. for
any X ∈ χ(M) and U ∈ Γ(D), V ∈ Γ(D⊥), we have ∇∗XU ∈ Γ(D), ∇
∗
XV ∈
Γ(D⊥) [4, p. 7℄. The above formulae yield:
(1.8) ∇∗XY = Q∇˜QXQY +Q
⊥∇˜Q⊥XQ
⊥Y +Q[Q⊥X,QY ]+Q⊥[QX,Q⊥Y ],
whih ompared with relation (3.16) from [4, p. 17℄ gives a similar result to
Theorem 5.3. of [4, p. 26℄ namely that ∇∗ is just the Vraneanu onnetion
dened by the Weyl onnetion ∇˜.
There are several features of the Vraneanu onnetion whih makes it
important:
• it is dened on the setions of whole TM not only of D;
• if D is the tangent distribution of a foliation F (this ase will be
studied in the next setion) then ∇∗ is symmetri (torsion-free) if
and only if the distribution D⊥ is integrable, Theorem 1.5. of [4, p.
100℄;
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• if ∇∗ is symmetri then the almost produt struture P = Q−Q⊥,
naturally assoiated to the deomposition (1.2) is integrable, whih
means that the Nijenhuis tensor eld NP vanishes.
Let us end this setion with another form of the ompatibility ondition, more
preisely one in terms of quasi-onnetions [19, p. 660℄. Let F ∈ T 11 (M) be
a tensor eld of (1, 1)-type.
Denition 1.5. An appliation D : χ(M) × Γ(D) → Γ(D) is a quasi-
onnetion with respet to F on D if, for all X,Y ∈ χ(M) and Z ∈ Γ(D) :
i) DfX+gY Z = fDXZ + gDY Z, DX+Y Z = DXZ +DY Z,
ii) DX(fZ) = fDXZ + FX(f)Z.
Let us remark that a linear onnetion ∇ on D yields a quasi-onnetion
D∇ through [19, p. 660℄:
(1.9) D∇XZ = ∇FXZ
and then we get:
Proposition 1.6. A linear onnetion is ompatible with the Weyl substru-
ture W if and only if the assoiated quasi-onnetion (1.9) with respet to the
projetor Q makes g a reurrent tensor with the reurrene fator −W (g)◦Q.
2. The ompatible onnetion in foliated manifolds
Let (M,g) be an (n + p)-dimensional semi-Riemannian manifold and F
be an n-foliation on M . We assume that D, the tangent distribution of F ,
is semi-Riemannian that is, the indued metri tensor eld on D is non-
degenerate and with onstant index. The omplementary orthogonal dis-
tribution D⊥ to D is semi-Riemannian too, [4, p. 95℄; let all D and D⊥
the strutural and transversal distribution respetively. Now, we want an
expression of the ompatible onnetion in loal oordinates.
So, let { ∂
∂xi
, ∂
∂xα
} be a frame eld adapted to the deomposition:
(2.1) TM = D ⊕D⊥,
i.e. i ∈ {1, ..., n}, α ∈ {n+ 1, ..., n + p} and ∂
∂xi
∈ Γ(D). With:
(2.2) gij = g
(
∂
∂xi
,
∂
∂xj
)
, giα = g
(
∂
∂xi
,
∂
∂xα
)
it results an adapted basis for D⊥, [4, p. 98℄:
(2.3)
δ
δxα
=
∂
∂xα
−Aiα
∂
∂xi
,
where:
(2.4) Aiα = g
ijgjα.
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Remark that { δ
δxα
} is orthogonal to { ∂
∂xi
}. Let us point that Aiαgiβ = A
j
βgjα.
With respet to this adapted frame eld we set:
(2.5) ∇ ∂
∂xj
∂
∂xi
= Ckij
∂
∂xk
,∇ δ
δxα
∂
∂xi
= Dkiα
∂
∂xk
.
Then a omputation similar to that of [4, p. 99-100℄ yields:
Proposition 2.1. The loal oeients of the ompatible onnetion ∇ with
respet to the semi-holonomi frame eld { ∂
∂xi
, δ
δxα
} are given by:
Ckij = Γ
k
ij +
1
2
(θiδ
k
j + θjδ
k
i − gijθ
k), Dkiα =
∂Akα
∂xi
(2.6)
where:
(2.7) W (g) = θiδx
i + ραdx
α,
Aiα are given by (2.4), θ
k = gklθl, Γ
k
ij are the Christoel symbols of g with
respet to D:
(2.8) Γkij =
1
2
gkl
(
∂glj
∂xi
+
∂gil
∂xj
−
∂gij
∂xl
)
and {δxi, dxα} is the dual frame of the given semi-holonomi frame, with:
(2.9) δxi = dxi +Aiαdx
α.
For p = 0 the well-known expression of [11℄ and [18℄ are reobtained.
Example 2.2. Let us ontinue Example 1.4 with D the tangent distribution
of a foliation F . Consider the loal expressions above to whih we add:
(2.10) gαβ = g
(
δ
δxα
,
δ
δxβ
)
and denotes by [gλµ] the inverse matrix of [gαβ ]. We express the Vraneanu
onnetion ∇∗ in loal oordinates:
(2.11)


∇∗∂
∂xj
∂
∂xi
= Ckij
∂
∂xk
, ∇∗ δ
δxα
∂
∂xi
= Dkiα
∂
xk
∇∗∂
∂xi
δ
δxα
= ∇⊥∂
∂xi
δ
δxα
= Lγαi
δ
δxγ
,
∇∗ δ
δxβ
δ
δxα
= ∇⊥δ
δxβ
δ
δxα
= F γαβ
δ
δxγ
.
A similar alulus like in [4, p. 99℄ gives
L
γ
αi = 0
and:
F
γ
αβ =
1
2
gγµ
(
δgµβ
δxα
+
δgαµ
δxβ
−
δgαβ
δxµ
)
(2.12)
+
1
2
(
ραδ
γ
β + ρβδ
γ
α − ρ
γgαβ
)
,
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with ργ = ραg
αγ
.
From Proposition 1.4. of [4, p. 100℄ it results that the only non-null
omponent of the torsion tensor eld T ∗ of ∇∗ is:
(2.13) T ∗
(
δ
δxβ
,
δ
δxα
)
= T ∗kαβ
∂
∂xk
=
[
δ
δxα
,
δ
δxβ
]
=
(
δAkα
δxβ
−
δAkβ
δxα
)
∂
∂xk
,
whih, therefore, desribes exatly how far is D⊥ from integrability.
Now, we onsider the urvature tensor eld R∗ of ∇∗ and take in attention
the transversal part using the notation of [6, p. 104℄:
(2.14)


R∗
(
δ
δxγ
, δ
δxβ
)
δ
δxα
= R∗µαβγ
δ
δxµ
R∗
(
∂
∂xi
, δ
δxβ
)
δ
δxα
= R∗µαβi
δ
δxµ
R∗
(
∂
∂xj
, ∂
∂xi
)
δ
δxα
= R∗µαij
δ
δxµ
with:
(2.15)


R
∗µ
αβγ =
δF
µ
αβ
δxγ
−
δF
µ
αγ
δxβ
+ F εαβF
µ
εγ − F εαγF
µ
εβ
R
∗µ
αβi =
∂F
µ
αβ
∂xi
, R
∗µ
αij = 0.
The strutural omponents of the urvature of ∇∗ are:
(2.16)


R∗( δ
δxα
, δ
δxβ
) ∂
∂xi
= R∗hiαβ
∂
∂xh
R∗( ∂
∂xk
, δ
δxα
) ∂
∂xi
= R∗hiαk
∂
∂xh
R∗( ∂
∂xk
, ∂
∂xj
) ∂
∂xi
= R∗hijk
∂
∂xh
with, [4, p. 100℄:
(2.17)


R∗hiαβ =
δDhiβ
δxα
−
δDhiα
δxβ
+DkiβD
h
kα −D
k
iαD
h
kβ − T
∗k
αβC
h
ik
R∗hiαk =
∂Dhiα
∂xk
−
δChik
δxα
+DjiαC
h
jk − C
j
ikD
h
jα +D
j
kαC
h
ij
R∗hijk =
∂Chij
∂xk
−
∂Chik
∂xj
+ C lijC
h
lk − C
l
ikC
h
lj.
Let X ∈ χ(M) with the deomposition X = Xi ∂
∂xi
+ Xα δ
δxα
. The o-
variant derivative of the metri g with respet to the Vraneanu onnetion
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is:
(2.18)


(∇∗Xg)(
∂
∂xi
, ∂
∂xj
) = Xk
(
∂gij
∂xk
−Chikghj − C
h
kjgih
)
+Xα
δgij
δxα
(∇∗Xg)(
δ
δxα
, δ
δxβ
) = Xi
∂gαβ
∂xi
+Xµ
(
δgαβ
δxµ
− F ραµgρβ − F
ρ
µβgαρ
)
(∇∗Xg)(
∂
∂xi
, δ
δxα
) = 0
and a straightforward omputations using (2.12) yields:
(2.19) (∇∗Xg)
(
δ
δxα
,
δ
δxβ
)
= Xi
∂gαβ
∂xi
− (Xµρµ)gαβ
whih implies a generalization of equivalene of items (i) and (ii) of Theorem
3.3. from [4, p. 112℄ (obtained for W (g) = 0):
Proposition 2.3. Let (M,g,F) be a semi-Riemannian manifold, where F is
a non-degenerate foliation. Then g is a bundle-like metri for F if and only
if there exists an 1-form W (g) on M suh that the indued metri g on D⊥
is a reurrent tensor with respet to the Vraneanu onnetion of the Weyl
manifold (M,g,W : g →W (g)), with the reurrene fator −W (g) ◦Q⊥ :
(∇∗Xg)(Q
⊥Y,Q⊥Z) = −W (g)(X)g(Q⊥Y,Q⊥Z), ∀X,Y,Z ∈ χ(M).
Also:
(2.20) (∇∗Xg)
(
∂
∂xi
,
∂
∂xj
)
= −(Xkθk)gij +X
α δgij
δxα
.
3. Weyl strutures on tangent bundles of Finsler manifolds
Let N be a real n-dimensional manifold and TN the tangent bundle of N .
Then a loal hart x = (xa) on N denes a loal hart (x, y) = (xa, ya)1≤a≤n
on TN . Denote by 0(N) the zero setion of TM and onsider TN0 =
TN \ 0(N).
Denition 3.1. The pair (N, F ) is a Finsler manifold if
F : TN → [0,∞) with the following onditions:
F1) F is smooth on TN0 and vanishes only on 0(N),
F2) F is positively homogeneous of degree one with respet to (ya),
F3) the matrix [gbc(x
a, ya)] = [1
2
∂2F 2
∂yb∂yc
] is positive denite.
The vertial bundle V (N) of N is the tangent distribution to the foliation
dened by the bers of pi : TN → N. Then V (N) is loally spanned by ∂
∂ya
.
Denote by [gbc] the inverse matrix of [gbc] and dene:
(3.1) Ga(x, y) =
1
4
gab
(
∂2F 2
∂yb∂xc
yc −
∂F 2
∂xb
)
.
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There exists on TN an n-distribution H(N), alled horizontal, loally
spanned by the vetor elds:
(3.2)
δ
δxa
=
∂
∂xa
−Gba
∂
∂yb
,
where:
(3.3) Gab =
∂Ga
∂yb
.
It is easy to see that H(N) is omplementary to V (N) in TN and using
the deomposition:
(3.4) T (TN) = H(N)⊕ V (N)
we dene the Riemannian metri G on TN , alled the Sasaki-Finsler metri:
(3.5) G =
(
gab 0
0 gab
)
whih means that with respet to the semi-holonomi frame eld { δ
δxa
, ∂
∂ya
}
we have:
(3.6) G
(
δ
δxa
,
δ
δxb
)
= G
(
∂
∂ya
,
∂
∂yb
)
= gab, G
(
δ
δxa
,
∂
∂yb
)
= 0.
The above disussion shows that on the Riemannian manifold (TN,G)
we have a foliation F with V (N) and H(N) as strutural and transversal
distribution respetively, therefore we obtain the framework disussed in the
previous setion. Suppose given an 1-form W (G) on TN with the expression
(3.7) W (G) = ρadx
a + θaδy
a,
where (dxa, δxa) is the dual frame of the given semi-holonomi frame:
(3.8) δya = dya +Gabdx
b.
The aim of this setion is to obtain the oeients of the Vraneanu
onnetion for the pair (Weyl strutureW : G→ W (G), distribution V (N)).
These oeients are given by:
(3.9)


∇∗∂
∂yb
∂
∂ya
= Ccab
∂
∂yc
, ∇∗δ
δxb
∂
∂ya
= Dcab
∂
∂yc
,
∇∗∂
∂yb
δ
δxa
= Lcab
δ
δxc
, ∇∗∂
∂yb
δ
δxa
= F cab
δ
δxc
.
Using Proposition 3.1. from [4, p. 226-227℄ and the results of the previous
setion we derive:
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Proposition 3.2. The Vraneanu onnetion of a Weyl manifold (TN,G,W )
has the loal oeients:
(3.10)


Ccab =
1
2
(
gcd ∂gab
∂yd
+ θaδ
c
b + θbδ
c
a − θ
cgab
)
,
Dcab =
∂2Ga
∂yb∂yc
, Lcab = 0,
F cab =
1
2
gcd
(
δgdb
δxa
+ δgad
δxb
− δgab
δxd
)
+ 1
2
(ρaδ
c
b + ρbδ
c
a − ρ
cgab) .
Example 3.3. 1) A Finsler manifold is a Landsberg spae if, [2, p. 239℄:
(3.11)
1
2
gcd
(
δgdb
δxa
+
δgad
δxb
−
δgab
δxd
)
=
∂Gca
∂yb
.
Therefore, the Vraneanu onnetion for a Weyl manifold provided by a
Landsberg spae has:
(3.12) F cab =
∂2Gc
∂ya∂yb
+
1
2
(ρaδ
c
b + ρbδ
c
a − ρ
cgab) .
2) A Finsler manifold is a loally Minkowski spae if, [2, p. 239℄, there
exists a overing by harts (U, x) of N suh that gab = gab(y). A loally
Minkowski spae is a Landsberg one with Ga = 0 and then one have:
(3.13) F cab =
1
2
(ρaδ
c
b + ρbδ
c
a − ρ
cgab) .
Example 3.4. In the following we onsider a natural 1-form W (G). The
ondition F3 of Denition 3.1 means that F 2 : TN → [0,∞) is a regular La-
grangian in the sense of Analytial Mehanis and then, it denes a Legendre
transform L(F 2) : TN → T ∗N , with T ∗N the otangent bundle of N . With
oordinates (xa) on TN we have indued oordinates (xa, pa) on T
∗N . Also,
on T ∗N lives a global 1-form, alled Liouville, θ = padx
a
. The pullbak
of the Liouville form through the Legendre transform, θF = L(F
2)∗(θ), is
alled the Cartan form of F . Therefore, we dene W (G) = θF =
1
2
∂F 2
∂ya
dxa
whih yields:
WEYL SUBSTRUCTURES AND COMPATIBLE LINEAR CONNECTIONS 11
Proposition 3.5. The Vraneanu onnetion of a Weyl manifold
(TN,F, θF ) has the oeients:
(3.14)


Ccab =
1
2
gcd ∂gab
∂yd
,
Dcab =
∂2Gc
∂ya∂yb
,
Lcab = 0,
4F cab = 2g
cd
(
δgdb
δxa
+ δgad
δxb
− δgab
δxd
)
+∂F
2
∂ya
δcb +
∂F 2
∂yb
δca −
∂F 2
∂yu
gucgab.
But
∂F 2
∂yv
= 2gvuy
u
from F2 and then:
(3.15) F cab =
1
2
gcd
(
δgdb
δxa
+
δgad
δxb
−
δgab
δxd
)
+
1
2
yu (gubδ
c
a + gauδ
c
b − gabδ
c
u) .
Corollary 3.6. The Vraneanu onnetion of a Landsberg-Weyl manifold
(TN,F, θF ) has:
(3.16) F cab =
∂2Gc
∂ya∂yb
+
1
2
yu (gubδ
c
a + gauδ
c
b − gabδ
c
u)
while for a loally Minkowski spae:
(3.17) F cab =
1
2
yu (gubδ
c
a + gauδ
c
b − gabδ
c
u) .
Remark. From now we use i, j, k, ... for the vertial oordinates and a, b, c, ...
for the horizontal ones, for a better identiation of the strutural and re-
spetevely transversal omponents. But we keep the above notations for the
oeients of the Vraneanu onnetion.
The transversal omponents of the urvature R∗ of ∇∗ are given by (2.15)
with:
(3.18) R∗cabi =
1
2
(gibδ
c
a + gaiδ
c
b − gabδ
c
i )
whih never vanishes.
Example 3.7. Let g = (gab(x)) be a Riemannian metri on N with the
Christoel oeients Γcab. Then F = (guvy
uyv)
1
2
is a Finsler fundamental
funtion on N .
Denition 3.8. We dene the Vraneanu-Cartan onnetion on TN for
the Riemannian manifold (N, g), the Vraneanu onnetion obtained from
the proess of Example 3.4. Namely it is assoiated to the Weyl manifold
(TN,W : G→ θF ) with the above F .
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This Vraneanu onnetion is a partiular ase of Proposition 3.2 and
then:
Proposition 3.9. The Vraneanu-Cartan onnetion of the tangent bundle
TN of a Riemannian manifold (N, g) is:
(3.19)


Ccab = 0, D
c
ab = Γ
c
ab, L
c
ab = 0,
F cab = Γ
c
ab +
1
2
yu (gubδ
c
a + gauδ
c
b − gabδ
c
u) .
For X = Xi ∂
∂yi
+ Xa δ
δxa
the non-null ovariant derivatives of the Sasaki-
Riemann metri G with respet to the Vraneanu-Cartan onnetion are:
(3.20)


(∇∗XG)(
∂
∂yi
, ∂
∂yj
) = Xa
δgij
δxa
= Xa
∂gij
∂xa
,
(∇∗XG)(
δ
δxa
, δ
δxb
) = −(gciX
cyi)gab.
Remark 3.10. Denoting by Rg the (1, 3)-Riemannian urvature tensor eld
of g and using (2.15), we get that the non-vanishing transversal omponents
of the urvature of Vraneanu - Cartan onnetion are:
• R∗dabc = (Rg)
d
abc+ a very ompliated expression in g and y,
• R∗cabi from (3.18),
while the only non-null strutural omponent of R∗ is, using (2.17):
• R∗jiab = (Rg)
j
iab.
Let us point also, that T ∗cab from (2.13) is, [4, p. 233℄:
T ∗cab = (Rg)
c
daby
d.
Denote with V and H the vertial and horizontal projetors of TN. They
orrespond to Q respetively Q⊥ in the notations of the rst two setions.
The above disussion about the urvature of ∇∗ yields:
Proposition 3.11. For the Vraneanu-Cartan onnetion and X,Y,Z ∈
χ(TN) we have:
1) ∇∗ is torsion-free if and only if the base manifold (N, g) is at.
2) R∗(HX,HY )V Z = 0 if and only if the base manifold (N, g) is at.
Moreover, the Vraneanu-Cartan is never vertial-horizontal at but is ver-
tial at i.e R∗(V ·, V ·) = 0.
Using the equivalent onditions from [2, p. 237℄ we derive:
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Corollary 3.12. The projetion piT : (TN,G) → (N, g) is totally geodesi
i.e. the projetion of any geodesi in (TN,G) is also a geodesi in (N, g) if
and only if the Vraneanu-Cartan onnetion is torsion-free.
Let us end this setion with the ovariant derivative of the Liouville vetor
elds with respet to the Vraneanu onnetion in the general (i.e. Finsle-
rian) framework of this setion. More preisely, dene [4, p. 231℄:
(3.21)


L = yi ∂
∂yi
,
L∗ = ya δ
δya
alled the Liouville vetor eld on TN respetively the transversal Liouville
vetor eld or geodesi spray. For X = Xi ∂
∂yi
+Xa δ
δxa
it results:
(3.22)


∇∗XL = (X
i +XjykCikj)
∂
∂yi
+Xc(Dabcy
b −Gac )δ
i
a
∂
∂yi
,
∇∗XL
∗ = (Xi +XjykLikj)δ
a
i
δ
δxa
+Xc(F abcy
b −Gac )
δ
δxa
whih, replaing the oeients from (3.10) and using the relations (3.32a)
from [4, p. 231℄ and (3.39) from [4, p. 232℄, yields:
Proposition 3.13. The ovariant derivative of the Liouville vetor elds
with respet to the Vraneanu onnetion of a Weyl manifold (TN,G,W )
are:
(3.23)


∇∗XL =
[
Xi + 1
2
Xjyk(θjδ
i
k + θkδ
i
j − θ
igjk)
]
∂
∂yi
,
∇∗XL
∗ =
[
Xiδai +
1
2
Xbyc (ρbδ
a
c + ρcδ
a
b − ρ
agbc)
]
δ
δxa
.
In partiular, for the Weyl manifold (TN,F, θF ) we get:
(3.24)


∇∗XL = X
i ∂
∂yi
,
∇∗XL
∗ =
(
Xiδai +
1
2
Xaycyuguc
)
δ
δxa
.
In order to provide a global expression of these relations let us denote the
vertial and horizontal omponents of W (G):
(3.25) W (G)V = θiδy
i, W (G)H = ρadx
a
and then (3.23) beomes:

2∇∗XL = 2V X +W (G)
V (V X)L+W (G)V (L)V X −G(V X,L)W (G)V #
2∇∗XL
∗ = 2Θ(X) +W (G)H(HX)L∗ +W (G)H(L∗)HX −G(HX,L∗)W (G)H#
where # is the musial isomorphism dened by G:
(3.26) W (G)V# = θi
∂
∂yi
, W (G)H# = ρa
δ
δxa
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while (3.24) is:
(3.27)


∇∗XL = V X,
∇∗XL
∗ = Θ(X) + 1
2
F 2HX
with F the Finsler fundamental funtion of Denition 3.1 and Θ the adjoint
struture, [15, p. 991℄, Θ = δ
δxi
⊗ δyi.
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